In this paper the crack problem of a shallow shell with two nonzero curvatures is considered. It is assumed that the crack lies in one of the principal planes of curvature and the shell is under Mode I loading condition. The material is assumed to be specially orthotropic. After giving the general formulation of the problem the asymptotic behavior of the stress state around the crack tip is examined. The analysis is based on Reissner's transverse shear theory. Thus, as in the bending of cracked plates,' the asymptotic results are shown to be consistent with that obtained from the plane elasticity solution of crack problems. Rather extensive numerical results are obtained which show the effect of material orthotropy on the stress intensity factors in cylindrical and spherical shells and in shells with double curvature. Other results include the stress intensity factors in isotropic toroidal shells with positive or negative curvature ratio, the distribution of the membrane stress resultant outside the crack, and the influence of the material orthotropy on the angular distribution of the stresses around the crack tip.
Introduction
The crack problem in shallow shells by using a transverse shear theory [1, 2] has previously been considered for cylindrical and spherical shells only [3] [4] [5] . The results given in [3] [4] [5] as well as those obtained from the classical shell theory (e.g., [6-8]) indicate that due to the curvature effects the stress intensity factors in shells may be considerably higher than that in flat plates having the same crack length and the same thickness. Also, the results given in [5] and [8] show that, unlike the infinite plate problem, the material orthotropy may have a significant influence on the stress intensity factors in shells. Therefore, from the viewpoint of practical applications it does seem to be important to study (**) This work was supported by NSF under the Grant CME-78-09737 and by NASA-Langley under the Grant NGR-39-007-0ll.
the problem for shell geometries other than cylinders and spheres and also to consider the effect of material orthotropy.
In this paper the basic problem of a shallow. toroidal shell with two unequal and nonzero curvatures is considered. It is assumed that the material is specially orthotropic, the through crack is located in one of the principal planes of curvature, and the plane of the crack 'is a plane of symmetry with respect to loading as well as to the geometry of the shell. To remove the inconsistency in the asymptotic behavior of the bending and transverse shear resultants, a transverse shear theory is used in the analysis [1, 2] (see the discussion given in [3] [4] [5] for shells and, for example, [9] [10] [11] for plates).
The Integral Equations
The geometry of the shallow shell under consideration is shown in Fig. 1 . If the material is orthotropic (with Xl and x 2 as the axes of orthotropy), the engineering material constants are defined through the following stress strain relations: (1) With the four independent material constants the differential operators arising from the formulation of the shallow shells do not seem to be factorable and consequently, the analysis becomes intractable. However, it can be shown that if the elastic constants are related through IE.jE2 G 12 = , 2 (1 +"'1 v 2 } then, with a simple coordinate transformation, the orthotropic shell equations may be reduced to essentially that of isotropic shells (see, ( 2) for example, [8] and [3] [4] [5] ). The factorization condition (2} implies that the shell has only three independent elastic constants. Such a material (in plate or shell form) is said to be specially orthotropic. If we now define the stress-strain relations (1) become where E and v are the effective modulus and Poisson's ratio, c is the stiffness ratio, and from (2) and (3) it follows that in the specially orthotropic materials the measured shear modulus G 12 is equal to the (calculated) effective shear modu1 us G av • Referring to Fig. 1 and the normalized quantities defined in Appendix A, and to [3] [4] [5] for details, in terms ofa stress function ~ and the (out of plane) displacement component w the shell problem may be formulated as follows: 
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KV ~ -~ -w = 0 , (7) (8) where ( 9) (10)
The shell parameters A 1 , A 2 , A 12 , and K are defined in Appendix A, a and a are the ang1 es of rotation of the normal to the shell surface, 
where Z = Z(x 1 ,x 2 ) is the equation of the middle surface of the shell, -3-Xl and x 2 being the coordinates in the tangent plane. The normalized stress, moment, and transverse shear resultants are given by where
The system of differential equations (S}-(8) may be solved by using the standard Fourier transforms. In this paper it is assumed that through a linear superposition the regular part of the solution has been separated and the problem is reduced to a perturbation problem in which the self-equilibrating crack surface tractions are the only nonzero external loads. Because of the assumed symmetry with respect to x 2 x 3 plane in loading and shell geometry, the stress and moment resultants must satisfy the following symmetry conditions:
It is, therefore, sufficient to consider one half of the shell only. Thus, in addition to the regularity conditions at infinity, the problem must be solved under the following boundary conditions:
We note that the problem (for the half shell) is one of tenth order. By taking Fourier transforms in y it would give ten lIintegration constants ll which are functions of the transform variable and are unknown. Five of these unknowns must be zero because of the regularity conditions at X=co, three may be eliminated by using the homogeneous conditions (17) at x=O, and the two mixed boundary conditions (18) and (19) would give a pair of integral equations to determine the remaining two. We also note that the integral equations of this problem would be identical to those obtained in [5] for the spherical shell. In [5] , even though Rl =~, because of the assumption of special orthotropy, the stiffness ratio C=(E1/E2)~ is not unity and consequently >"1 +>"2' which is also the case in the problem considered in this paper. Thus, by defining a~ u( +O,y) = G 1 (y), a~ axe +o,y) = G 2 (y) ,
. from (18) and (19) it is seen that
Referring now to [5] for detail s the integral equations of the prob1 em may be expressed as
where the kernels k ij are known bounded functions and are given in [5] .
-5- 
After solving the integral equations (24) all the field quantities in the shell may be expressed in terms of the density functions gl and g2 as finite integrals [5] . In particular, the behavior of the stress state around the crack tips may be obtained by examining the corresponding integrals asymptotically. Referring to Appendix A, the normalized membrane and bending stresses are given by
If we now define the polar coordinates (r,a) at the crack tip (F,=O,n=l) by F, = r sin a , n -1 = r co SF"
-6-the asymptotic stress state at the crack tip may be expressed as (see [5] 
If we define the polar coordinates in the x l x 2 plane (at xl=O, x 2 =a) by p sina = Xl' P COSa = x 2 -a,
from (32) it follows that tana = c tans. all (x p x 2 ,x 3 ) = I2P fll (a) ,
with fll (0) = 1, from (35) and (36) the f'tbde I stress intensity factor k1 and the function fll giving the angular distribution of the stress component all around the crack tip may be obtained as follows (37) , a = Arctan(~ tana) .
Sinrilarly if we let In this problem the corresponding flat plate stress intensity factor is kp = amra and from (37) the membrane and bending components of the stress intensity factor ratio k l {x 3 )/a m ra may be evaluated as follows:
For the bending of the shell the external loads are -a < x 2 < a , which give the input functions as follows:
where a b is a known constant. For this loading condition the membrane and bending components of the stress intensity factor ratio may be defined as and evaluated from
The calculated results for isotropic and specially orthotropic shells are shown in Figures 2-9 and Tables 1-11. Fig. 2 shows the comparison of the membrane component of the stress intensity factor ratios k mm in a cylindrical shell containing a circumferential or an axial crack -9-and a spherical shell containing a meridional crack subjected to uniform membrane stress 011 = om • For the same loading and curvature the MJde I stress intensity factor appears to be highest in sphere and lowest for the circumferential crack. Similar results may be observed from Fig. 3 which shows an example for the membrane stress resultant N ll (O,x 2 ) for x 2 >a. After determining G l and G 2 Nll is obtained directly from (23a) by observing that (23a) gives the expression of Nxx(O,y) outside (i.e., for Iyl > Ie) as well as inside the crack. Fig. 3 also shows the flat plate solution. Note that even though near the crack tip the stresses in the shells are greater than that in the plate, because of their greater rate of decay, away from the crack region the shell stresses fall below the stress level in the flat plate.
The resul ts showi ng the effect of the curvature ratio RllR2 on the Mode I stress intensity factor ratios k ij , (i,j=m,b) defined by (43), (44), (47) and (48) in an isotropic shell are given in Tables 1 and 2 . Table 1 shows the results for a positive curvature ratio Rl/R2 as, for example, in the case of outside surface of pipe elbows and barrel shaped toroidal shells. The results of an example for a negative curvature ratio Rl/R2 = -0.5 are given in Table 2 . Fig. 4 shows the comparison of the stress intensity factors obtained from shells with positive and negative curvature ratios and from an axially cracked cylinder. Note that, as one might expect and consistent with the trends in Fig. 2 , the stress intensity factor for Rl/R2 > 0 is greater and that for (R l /R 2 ) < 0 is smaller than the value for the cylinder (i.e., for R l /R 2 =0).
The remaining results given in this paper deal with the specially orthotropic shells, that is, the orthotropic shells for which the measured in-plane elastic constants of the material approximately satisfy the factorization condition given by (2), namely -~
For example, consider two graphite-epoxy (fiber reinforced) laminates consisting of 0°, +45°, 90° unidirectional laminae. Laminate A has 20%, 30%, and 50% of its laminae, and laminate B 20%, 50%, and 30% of its laminae oriented along 0°, +45°, and 90° directions, respectively. If -10-0° direction coincides with E 1 , the measured elastic constants of the two laminates are known to be E 1 (psi} E 2 (psi} "1 "2 G 12 (psi} Gav(psi} A: 6.9 xl 0 6 12.3 x 10 6 0.140 0.250 2.1x10 6 3.88 xl 0 6 B: 7.1 x10 6 9 x 10 6 0.270 0.342 3.05 xl 0 6 3.06 xl 0 6
where G av is calculated from (49) by using the effective modulus and the effective Poisson's ratio. Thus, it is seen that the assumption of special orthotropy G 12 ; G av is valid for laminate B but not for laminate A. Table 3 shows the elastic constants of two orthotropic materials used in the examp1 es. The "mil d1y" orthotropic material is typical of roll ed sheet metallic materials. Usually strongly orthotropic structural materials are fiber reinforced composites. Tables 4-9 show the n~mbrane and bending components of the stress intensity factor ratio k mm and k bm defined by (43) and (44) for three symmetric crack geometries in cylindrical and spherical shells subjected to uniform membrane loading Nll = -No on the crack surfaces (Fig. 1) . For completeness the results for isotropic cylinders are also given in the tables. Note that for these simple crack-shell geometries there are three length parameters, namely mean radius R, thickness h, and half crack length a. Therefore, the solution must contain two dimensionless parameters which in these examples are assumed to be a/h and A1 or A2 which contains a/1Rfi (see Appendix A). In the tables the she.11 is designated by E1/E2 and the material is oriented in such a way that the crack is parallel to E2 axi.s, The two sets of orthotropic results given iin the same table correspond to a 90-degree material rotation. E1/E2 = 1 corresponds to the isotropic shell. These tables show that the influence of the material orthotropy on the stress intensity factors could be quite significant. A graphic demonstration of this effect in a cylindrical shell with an axial crack is shown in Fig. 5(*) . It is seen that the membrane component of the stress intensity factor increases with increasing E 1 /E 2 • This effect is quite definite and, for higher values of E 1 /E 2 , is highly pronounced in cylindrical shells with an axial crack and in spherical shells. On the other hand in circumferentia11y cracked cylindrical shells the orthotropy effect seems to be rather insignificant. It should be pointed out that the effect of material orthotropy such as that shown in Fig. 5 is not confined to shells. For example, similar results are observed in the plane elasticity solution of an orthotropic infinite strip containing a crack parallel to its boundaries [13] . In this problem if the stress intensity factor is plotted against a/H (2a and 2H being the crack length and strip width) with E1/E2 as the parameter, the result would be identical (in form) to that shown in Fig. 5 , that is (in the terminology of Fig. 5 ) for E1/E2>1 k1 would be greater and for E1/E2<1 k1 would be smaller than the stress intensity factor for the corresponding isotropic plate. It should, of course, be noted that the stress intensity factor is a measure of the crack driving force in fracture analysis of the structural component. In comparing two materials (or two material orientations with respect to the crack p1 ane) one must a1 so consi der the fracture resistance of the material. For example, in fiber reinforced composites having a crack in E2 plane for E1/E2> 1 not only the stress intensity factor but also the fracture resistance of the material would be expected to be greater than the corresponding values for a 90° rotated material (i.e., for E1/E2 <1). Hence from the analysis alone it is not possible to infer the fracture strength of orthotropic plates and shells.
In a mildly orthotropic shell the effect of material orthotropy on the distribution of the membrane resultant N 11 (0,x 2 ) outside the crack is shown in Fig. 6 . Near the crack tip the results shown in Fig. 6 are consistent with that of Fig. 5 . However, as in Fig. 3 , away from the crack tip the trend showing the effect of E1/E2 on the stress distribution is also by the fact that IVlV2 or venters into the shell analysis independently as well as tlirough Al. However, it has been shown that the effect of v on ~ is rather insignificant [4] . Also, for the three materials used in Fig. 5 , name..!l. for (E l /E2) =1, 1.38, 26.67 the coefficient [12(1-vlv2)]~ of a/IRh in Al is 1.82, 1.84, 1.85, respectively. This means that in Fig. 5 even though the comparison is not made for shells with identical geometries, the error should not be very high and particularly the trend should be accurate.
-12-reversed.
From (36}-(40) it may be seen that not only the stress intensity factor but also the angular distribution of stresses around the crack tip is influenced by the material arthotropy. Fig. 7 shows an example for this effect in a strongly orthotropic material. Note that in isotropic materials the functions fij(a}, (i,j=1.2) (see (36) and (39}) giving the angular distribution of stresses under Mode I loading condition are independent of the elastic constants (and are obtained from (36) and (39) by letting c=l). In the specially orthotropic materials f ij seems to depend on the stiffness ratio C=(E l /E 2 }!t;. Tables 4-9 show the stress intensity factors for shells under membrane loading only; i.e., for N 11 (0,x 2 } = -No' ~1(0,x2} =0. For orthotropic shells subjected to bending on the crack surfaces (i.e., for Nll (0,x 2 ) = 0, Mll (O,x 2 ) = -M o )' the stress intensity factor ratios kbb and k mb defined by (47) and {48} do not seem to differ significantly from the corresponding results for the isotropic shells which are given in [3] - [5] . The results are, therefore, not tabulated in this paper. Some sample results are, however, shown in Figures 8 and 9 for a cylindrical shell . containing an axial or a circumferential crack. The results for spherical shells may be found in [5] . Table 10 shows the principal stress intensity factor ratio kbb for a plate under bending. In addition to the relative crack size a/h, the table shows the effect of the Poisson's ratio in isotropic plates and the stiffness ratio El/E2 in specially orthotropic plates. Since the relative influence of the material constants on kbb in plates and shells is roughly the same, these results may be used with the isotropic shell results given for a fixed Poisson's ratio (e.g., v=0.3 in most cases) to estima~e the values of the kbb for the isotropic and orthotropic shells.
The effect of material orthotropy on the stress intensity factor ratios k ij , (i,j=m,b) defined by (43), (44),' {47} and {48} on a shell with principal radii of curvature Rl and R2 is shown in Table 11 which also includes the isotropic results for comparison. Note that the results given in Table 11 have the same trend as that shown in Fig. 5 with regard to the variation of the principal stress intensity component k mm for the shell under membrane loading.
-13- -15- {A.8} Table 3 . Elastic constants of the orthotropic materials used in the exampl es ("1 IEl = "2/E2' G av = E/2(l +,,), E = IEl E 2 , ,,= Ivl "2)
Mildly orthotropic material (titanium) Table 6 . Stress intensity factors in a mildly orthotropic and in an isotropic cylindrical shell containing a circumferential through crack and subjected to uniform membrane loading 
-----k bm 0.0 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0. 
